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PREFACE 


La Science, qui fut longtemps Veuvre disolés ou d’écoles Sermées et parfois 
secretes, a pris peu @ peu un caractére collectif s*accusant de plus en plus, surtout 
depuis un siecle. Les Congrés, nationaux ou internationaux, les colloques, les confé- 
rences individuelles, les publications périodiques, les associations et unions rapprochent 
les hommes désireux, dans chaque discipline, d@’enrichir par des découvertes nouvelles 
les résultats antérteurement acquis. 


Mais les rencontres dont nous venons de parler sont bréves et fugitives, souvent 
trop peuplées et permettent difficilement les longs entretiens et la formation entre les 
participants de liens durables et féconds. C’est pourquoi Pidée a pris naissance de 
créer des lieux de rencontre ou des savants séjourneraient en permanence ou durant des 
peériodes variables, afin de travailler en liberté, d’enseigner s’ils le désirent, d’ échanger 
des rdées, des projets, de discuter des points de vue, de senrichir mutuellement par la 
confrontation de leurs conceptions. 


On a done créé en 1930 U’ Institute for Advanced Study de Princeton et, en 1958 
a Paris, UInstitut des Hautes Etudes Scientifiques, destinés Pun et Pautre aux 
recherches fondamentales en mathématiques, en physique théorique, dans les sciences 
humaines; internationaux l'un et Pautre, avec peut-étre, pour [ Institut de Paris, une 
orientation européenne plus accentuée. Les deux organisations sont associées et leur 
coexistence amplifiera leur action et leur rayonnement. Chacune se réjouit de P existence 
de l'autre et M. OppENHEIMER, Directeur de l'Institut de Princeton fait partie, 
ainsi que M. Péris, Doyen de la Faculté des Sciences de Paris, du Comité Scien- 
tifique de ’ Institut parisien, dirigé par M. Léon MorTcuane et cautionné par un 
groupe de hautes personnalités scientifiques internationales ou figurent MM. AMALDI, 
Niels Bour, Max Born, Louis DE Brociiz, DizuDONNE, Dirac, GrRo- 
THENDIECK, N&EL, WEISSKOPF. Organisme privé, totalement indépendant, accueil- 
lant & tous ceux, quelles que soient leur origine et leur nationalité, qui aiment les 
valeurs de l’esprit et_y consacrent leur vie, il voit son existence matérielle assurée par le 
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concours généreux du monde industriel, francais ou étranger, pleinement conscient du 
role, essentiel pour les applications, de la recherche fondamentale. 


Les publications de l'Institut des Hautes Etudes Scientifiques, qui portent le 
nom de « Publications Mathématiques » seront consacrées a la diffusion de mémozres 
originaux, a raison d’un travail unique par fascicule, ce qui en facilitera la circulation. 


Le présent ouvrage des « Publications Mathématiques » constitue le premier 
élément dune Collection dont je souhaite le rapide épanouissement. 


Paut MONTEL, 
Membre de I’ Institut, 
Président du Comité Consultatif Scientifique 
de l'Institut des Hautes Etudes Scientifiques. 


THE STRUCTURE OF A UNITARY FACTOR GROUP 


By G.E. WALL 


Introduction 


Let D be a division ring, V a right vector space of finite dimension n over D. A 
linear transformation, X, on V is called a transvection if it has the form x>x+aoe(x), 
where a is a fixed vector and p(x) a linear form on V such that p (a) =O (in other 
words, X = J++ N, where J is the identity and WV a nilpotent linear transformation of 
rank 1). The group of all non-singular linear transformations on V (full linear group) 
is denoted by GL(n,D), and the invariant subgroup generated by all transvections 
(special linear group) by SL(n,D). 

The structure of the factor group GL/SL was elucidated by J. Dieudonné ({1}). 
Let A denote the multiplicative group formed by the non-zero elements of D, A, the 
commutator group of A. Choose a fixed basis ¢, .. e¢, of V, and let XGGL. Using the 
technique of ‘elementary transformations’ familiar in matrix theory, Dieudonné proved 
that X=A (mod SL) for some ‘diagonal’ linear transformation A of the form 


Ne e(1 at an—1), Ae 226 (CSA); 


he proved furthermore that & is unique modulo A, and that the mapping X(SL)—>€A, 
is an isomorphism of GL/SL onto A/A,. The coset § A, is the ‘noncommutative deter- 
minant’ of X. 


The object of this paper is to prove a similar structure theorem for a class of unitary 
groups. In order to define unitary groups, we require that D have an involutory anti- 
automorphism 7:A—>A. As fundamental form we take a function f= (x,y), which 
is defined for all x,y&V, has values (x,y) €D, and satisfies the conditions: 


(1) f is a sesquilinear form with respect to f, t.€., 
(X51 dr +2 a) = (%5 I) Ba + (% I) Day 
(41 + Xa Aas) =a (HV) +2 (Xd); 
for all x,%,,.9,9,EV and ,ED; 
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(2) f is non-degenerate, 1.€., f (*,)) = 0 for all yEV then x =0; 
(3) f is skew-Hermitian, i.¢., (9,x) =— (%,9) for all x, yeV. 


The unitary group, U(f), of f consists of the linear transformations XY which leave f 
invariant: (Xx, Xy) = (x,y) for all x,yEV. (We remark that, unless 7 is the identity, 
there is no loss of generality in taking f skew-Hermitian rather than Hermitian ([2], p. 12); 
thus, our discussion covers the ‘properly’ unitary, and symplectic, groups but not the 
orthogonal groups.) 

Two subsets M, WN of V are orthogonal if (x,y) =0 for all x= M and y&WN; by (8) 
the relation of orthogonality is symmetric. If M is a subspace of V, the vectors «&V 
which are orthogonal to M form the orthogonal space, M+, of M. By (2) and (8), we have 
(M1)L=M and dimM + dimMt=n. 

It is easy to show that a transvection which belongs to U(f) has the from 
x—->x—aw (a,x), where w is a symmetric element of A (i.e., @ = ©) and a an isotropic 
vector in V (i.e., (a,a) =0). Bearing in mind the situation for GL, we make the addi- 


tional assumption: 
(4) V contains non-zero isotropic vectors. 


The invariant subgroup of U(f) generated by all unitary transvections is denoted 
by T(f). 

By (8), the value (x,x) is skew ((x,x) =—(x,x)) for every x&V. Our final 
assumption is: 


(5) f is trace-valued, i.¢., (x,x) has the form A—r(AED) for every xEV. 


Notice that (5) is automatically satisfied when characteristic D462: (x,x) =~A—A, 
where }= 4(x,x). 


A plane (i.e. 2-dimensional subspace of V) is called hyperbolic when it has a basis of 
two isotropic vectors ¢;, é such that (¢, ¢,) = 1. Condition (5) ensures that (i) every 
isotropic vector can be embedded in a hyperbolic plane and (ii) any two hyperbolic 
Planes are equivalent under U(f). From (i) and (ti) can be deduced an analogue of 
Witt’s theorem on quadratic forms, viz., that the number of members in a maximal set of 
mutually orthogonal hyperbolic pianes is always the same (cf. [2], chivl5) S211) amine 
number, denoted by v, is the Witt index of f; by (i) and (4), v>1. . | 


Let & denote the subgroup of A generated by the non-zero symmetric elements of D 
and Q the subgroup generated by the AGA such that A—2A = (x,x) for some we 
*«€V which is orthogonal to a hyperbolic plane. Taking »=0, we see that CQ 


It is not difficult to show that 5. Q i i 
» 4 are Invariant subgroups of A. With th i 
our main result is as follows. : BE ae 


NS 


STRUCTURE OF. UNITARY FACTOR GROUP 9 


Turorem 1. If f satisfies the conditions (1) - (5), and if (1) OP AU, (Fi), then 
(6). U(f)/T (f) = A/=[A, Q], 
where [A, Q] is the subgroup of A generated by the commutators w-' 8-1 w 5 (mEGQ, dseA). 


It is well known that SZ (n, D)- is projectively a simple, non-cyclic group, unless 
n=2and D=F, or F;. It follows from the isomorphism GL/SL=& A/A,, that SL is, 
except in these two cases, the commutator group of GL. The situation for unitary groups 
is analogous, but more complicated. Except in some half-dozen cases which we entirely 
exclude from the discussion, 7 (f) is projectively a simple, non-cyclic group (2), so that 
T (f) is the commutator group of U (f) if, and only if, U/T is abelian, i.e., by theorem 1, 
if, and only if, 


(7) EMvoon, 


Most of the known results on this problem follow fairly easily from (7). We mention 
only the two results of Dieudonné ([2], ch. II, § 5) that (a) T is the commutator group 
of U whenever v>2, and that (b) 7 is not the commutator group of U when D is the 
algebra of real quaternions under the usual ‘complex conjugate’ anti-automorphism 
and n=2. The result which we shall prove is as follows. 


THEOREM 2. Suppose that the conditions of theorem 1 hold and that T (f) 1s projectively a 
simple group. Ifn>8 and D has finite dimension m? over its centre X, then T (f) is the commutator 
group of U(f). 

It is perhaps unlikely that theorem 2 remains valid whenever D has infinite 
dimension over its centre, but I have not been able to construct a counterexample. 


I am indebted to Professor J. Dieudonné for his helpful comments on this paper. 


1. Proof of Theorem 2. 


In this section we shall deduce theorem 2 from theorem 1. We assume that 7 is 
not the identity, for otherwise A = and so, by theorem1, U= 7. It follows from this 
assumption that there exist anisotropic vectors orthogonal to a given hyperbolic plane H; 
for otherwise the (non-degenerate) restriction of f to H+ would be a symplectic form, 
and this would imply that 7 was the identity. Let @ be such an anisotropic vector and > 
a fixed element of A such that A—A=(a,a). Let S' denote the set of symmetric elements 
of D. We- consider three cases according to the ‘type’ of the anti-automorphism 


F (cf. [2], ch. Hl, § 5). 


(1) Fy denotes the Galois field with g elements. There is essentially only one properly unitary group over Fy 
(q a square) for each dimension m, and it is denoted by Um (Fa). 

(?) In order to establish (7) rigorously, we actually need the slightly stronger result that every proper 
invariant subgroup of J is contained in the centre of T. 
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Tyre I. (7 leaves every element of Z invariant and S is a vector space over Ae 
dimension }m(m-+1)). This case was considered by Dieudonné ([3], p. 879), whose 
argument (!) shows that A= and therefore U= T. 


Type II. (7 leaves every element of < invariant and S is a vector space over A 
of dimension +m (m—1); this type occurs only when characteristic D2). We shall 
prove that U/T is an abelian group by showing that each of its elements has order < 2. 
Since characteristic D><2, the vector space A over Z formed by the skew elements of D 
is complementary to S and has dimension 4m(m-+1). Let K denote the vector space 
over Z of dimension 1 + 4m(m—1) formed by the elements C(A+ o) (CEK, cE S). 
Since (A-+ co) — (A+ c) = (a,a), every non-zero element of K is in Q. 

Now let EA; it is required to show that p2@Z[A,Q]. Since the sum of the 
dimensions of the vector spaces ». K and A over Z is 1 + m?, these spaces have a non-zero 
element in common, say wk; as we remarked above, kG&Q. Then we have 
uk =— (uk) =—k xy, and so 


(1.1) (k-* pk yw?) p2?=— (k4k) (wp). 

Again, the sum of the dimensions of the vector spaces k A and A over X is m*-+-m, so 
that there exists a non-zero skew element « such that k ais skew. Thus, ka =—ak=«k. 
Hence 

(1. 2) Pika oka. 


(1. 1) and (1. 2) together show that »2@ X[A, Q], as we had to prove. 


Type III. (F does not leave invariant every element of Z; S, D are vector spaces of 
respective dimensions m?, 2 m? over the subfield <, formed by symmetric elements of Z). 
Let &, denote the vector space over Z, of dimension 1+ m? formed by the elements 
Co(A+ ©) (CoE Xo, cE S). As with type II, every non-zero element of XK, is in Q. 
Let pA. Since the sum of the dimensions of the vector spaces u K, and K, over ae 
is 2m? + 2, there exist non-zero elements k,, k, of K, such that wky =k, Hence wo Q 
and so A=Q. It now follows from theorem 1 that U/T is abelian, as required. 


2. Two Preliminary Lemmas. 


The remainder of the paper is devoted to the proof of theorem 1. We begin with 
two lemmas on sesquilinear forms (cf. (1)). 


(2 ) Dieudonné’s argument actually applies only when characteristic D aoe 
is needed when characteristic D = 2, 


However, only a slight modification 


OE’: ee ——— 


STRUCTURE OF UNITARY FACTOR GROUP 11 


Lemma 1. Let W be an m -dimensional right vector space over D, ® (x, y) any sesquilinear 


form on W (with respect to F) and suppose that F is not the identity. Then there exists a basis 
€15++5€m Of W such that ® (¢,,¢;) =O(1<i<j<m). 


Proor. If ® is not identically zero, then by a familiar argument (using the fact 
that 7 is not the identity) there exists an e,GW such that ® (e,,¢,)540. The x such 
that ® (e,,x) =0 form an (m—1) -dimensional subspace for which (by induction on 
the dimension) we can choose a basis @,..,¢, such that ® (¢,¢,) =0(2<i<j<m). 
Then ¢,,.., ¢, satisfy the requirements of the lemma. Q.E.D. 


Lemma 2. Suppose that the conditions of lemma 1 hold and that in addition ® (x,y) is non- 
degenerate. Let (x,y) be a second sesquilinear (*) form on W which is not identically zero. 


Then, if m>2 when D=F,, there exists an xGW such that both ©(x,x) and ¥ (x, x) 
are non-zero. 


Proor. Choose a basis ¢,..,¢, of Was in lemma 1. As Y is not identically 
zero on W it is not identically zero on every one of the planes j¢,,¢,/._ It therefore suffices 
to prove the lemma in two cases: (i) D=Fi,m=8; (ii) DA Fim=2. 


As the first case can be settled by a direct calculation we consider the second only. 
Suppose that it is not possible to choose x as required by the lemma. Then the matrices 
of ® and with respect to the basis ¢,,¢, must have the forms 


Gi 0 0 «’ 
re) Ul Ws if +) B , 0) 3 
where @,’ ®,'540 and not both «’,@° are 0. Moreover, for every A&D, at least one of 


D (¢,A+ @,€: A +6.) =AW,’A+ P'A+ @’ =0 


W (e:A+6,64+ 6) =B’A+Aa’ =0 


and 


must hold. By the symmetry of the second equation in «’,8’, we may assume without 
loss of generality that 8’40, and on putting » =’ and slightly modifying ,’, etc., 
these equations become 
(2.1) poip+euto=0, 
(2.2) ptpa=0, 
with , @,540. 

If we regard D as a vector space over the field F formed by the symmetric elements 
in its centre, then it is clear that the solutions of (2.2), and the symmetric elements of D, 


form subspaces K and S respectively. It is easy to see that either A= S' or KaS = 70. 
In particular (since it is assumed that DS), KD. 


(1) ‘Sesquilinear’ means ‘sesquilinear with respect to F unless otherwise stated. 
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Now every element of D not in K satisfies (2.1). Hence (2.1) has a solution u 
such that po is also a solution for every o(40) in F. Each such o satisfies the qua- 
dratic equation 

(uo, p) o?+ (pu) ot o2=0 
and therefore F=F, or F;. 


(a) (F=F,). D contains at least 8 additive cosets of K (including K itself), and 
at least 9 cosets of Kif K=}0}. Itis therefore possible to choose py, v so that p,w+y, 
u—v are 8 distinct solutions of (2.1). Putting these in (2.1) we deduce that vo,v=0 
and so w,=—0, a contradiction. 


(b) (F=F,). The centre of D is F or a quadratic extension of F; and by assumption 
D=+F,. Hence D is non-commutative, and so, by a result of Dieudonné ([3], lemma 1), 
not every two elements of S§ commute. In particular, the dimension of S>3. Let 
m,6,7 be any 8 linearly independent elements of S. Since $= or Sn K= jo, 
there exists a uD such that every element of p+ S, with the possible exception of u 
itself, satisfies (2.1). Putting »t2,y.+0,4+7+6¢ in (2.1) we deduce that 

TO,6+6060,;T=—UO,U+ a+ eu. 
Similarly, 
TO G+ OO, T= UO U+ 2+ PL, 


(Ta) 6+ 60,(7+7) =porp+ ®2 + PL, 


whence 
(2.8) ma,o= 0,7. 


(2.3) clearly holds for any two symmetric elements z,o. For c=1, we get r®,= 0,7 
and so (2.8) becomes (to—ox)w,=0. This is a contradiction because on the 
one hand not every two symmetric elements commute and on the other w,540. This 
proves the lemma. 


3. Cayley Parametrization. 


In this section we shall obtain a parametrization (without exceptions) for the elements 
of U. Similar considerations for orthogonal groups lead to a generalization of the ordi- 
nary Cayley parametrization. 

Let PEU, and write P=IJ—Q, where J is the identity transformation. The 


space QV will be called the space of P, and denoted by V,. If dim V,= r, P is called 
an r-dimensional element of U. 


Since PE U, we have 
(3.1) (2, Qy) <n (Qx, 9) a (Qx, Q»y) 


for all x,»V. This equation obviously shows that the value of ( Qx,y) depends only 
on the values of Qx and Q y. We may therefore write ( Qx,y)=[Qx, Q.y]. This defines 
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for all u,vGV,, a function [u,v]. We denote this function by /> and call it the 
form of P. 


It is easily verified that J» is a non-degenerate sesquilinear form on V, (with respect 
to J), and that (by (3.1)) 


(3.2) [x0] —[o,u] = (u,») 
for all u,v&V,. 

Let now ¢,,..,¢, be a basis of V, and set Wy =.[¢,¢) ls Og) = (Ogle  For-each 
xEV, we have Qx = i e,i,, where the 2, (ED) depend on x; we shall now determine 
the 4, explicitly. Using the equation (Qx,») = [Qx, Q.y], we have 


(é, x) = [é:, ai é Aj] poy Oa 
and so 


A, = 21D, (¢,%) (l1<i<r). 
This gives the formula 


(3.3) Px = x— %i, 6; O;; (¢;,%). 


The following converse of the above holds and justifies the description of (3.8) as a 
parametrization for U: if W is any subspace of V and [u,v|’ any non-degenerate sesquilinear 
form on W (with respect to F) satisfying (8.2), then there exists one, and only one, P'GU such 
that Vp» =W and fp =[u,v]'. The straightforward proof will be omitted. 

We consider now some properties of the parametrization. 


(i) Conjugate Elements. If REU, it is easy to see that 
RPR x =x—d,,(Re,) 0, (Re, x). 

Hence V,,,.1— RV, and the forms f, and fee» are equivalent (*). 
(ii) One-dimensional Elements. If Vp= jet, we have 

Px=x—eo(e,x), 
where 7 

p 1—g = (e,¢) 
We denote this element by (e; 9). 
(iii) Factorizations of P. Let W, be a subspace of V, such that the restriction (fp) », 
of fp to W, is non-degenerate. Let W, be the subspace of V, formed by the u such that 
[u,v] =0 for all veW,. Then V,=W,+W, (direct sum) and (fp)y, is non-dege- 
nerate. Let P,(i=1,2) be the elements of U such that Vp,=W.,, fe, = (fe) w Then 
we have P=P,P,. 

To prove this, let a,,.., a, and b,,.., 6, be bases of W, and W, respectively. ‘The 

matrix of f, with respect to the basis a,.., 4, By, J 35-0) OleV a. has. the form 


(2) It can be proved that the converse is also true: elements P,, P, of U are conjugate in U if, and only if, their 
forms fp, and fp, are equivalent. 
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(oz) 
OB]? 
where A refers to the a, B to the b, By (8.2), the element in the i-th row and / -th 
column of C is (a,,b,). Hence if A~1=(a,),B-1 = (By), we have 
Pix = x— Da, hy (4, X), 
Pat =4— Db, 8, (0; %), 
Px =x— 24,4, (a;,x) — Xb; 8; (b;, x) == A; ix (a, b,) Bis (b,x), 
and direct calculation gives P= P,P), as required. 


Essentially the same calculation shows that, conversely, if R,,R, are elements of 
U such that P=R,R, and V»=V;z,+V», (direct sum), then fp, is the restriction of 
Sp to Vz, and [u,v] =0 for all w@V,,, vE&V-z,. 


Derinition. We call 
(3.4) P=R,R,:.R, (R,EU) 


a direct factorization of P of length s if, firstly, no R, is the identity I and, secondly, Vp is the direct 
sum of the Vp, Any factor occurring in such a direct factorization is called a direct factor of P. 
A direct factorization is called complete if each factor is a one-dimensional element. 


By the above, REU is a direct factor of P if, and only if, }0i\4V,CGV, and 
Sn= (fe)v, We remark also if R=R, is the 2 -th factor in some direct. factorization 
(3.4) of length s, then, for any 7 such that 1<j<s, there exists a direct factorization of 
length s in which R is the j -th factor. If1<yj, for example, it is easy to prove that 


P=R,.. Ry (RRR). (RRR) RR 


is such a direct factorization. 


Lemma 3. If P(AI) EU and F is not the identity, then P has a complete direct facto- 


rizgation. Moreover, the space of the first factor can be taken as any line \a\GV> such that 
[a,a] 0. 


Proor. By lemma 1, V>, has a basis ¢,,..,¢, such that [¢,e]=0(1<j<i<r); 
and by the proof of lemma 1, }e,{ may be taken as any line in V; satisfying [e,,¢,| <0. 
Then, at 9,7 =| 254|; 


P= (6:5 91).. (65 9,) 
is a complete direct factorization. Q,E.D. 


4. A ’Spinor Norm’ in U. 


Throughout this section, a stands for a fixed element of V chosen (quite arbitrarily) 
in advance. We shall associate with a a ‘spinor norm’ which has properties similar 
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to the spinor norm in orthogonal groups. We shall assume that fF is not the identity 
because our construction becomes trivial in the case of symplectic groups. It is not 
necessary to assume that v>1 or that f be trace-valued. 


Let Q, denote the subgroup of A generated by the w€A such that 
(4.1) w— o=(b,b) 


for some 6 (GV) orthogonal to a. Write T,=Z[A,Q,], where [A,Q,] is the subgroup 
of A generated by the commutators 4 oA w (AEA, oEQ,). 


Lemma 4, &,Q, and [, ave invariant subgroups of A such that SCT,CQ,. 


Proor. If o is symmetric and wE&A, then pop and wy are symmetric so that 
pow =pou(up) "Ed. Hence & is invariant in A. Taking )—O0 in (4.1) we 
see that every non-zero symmetric element is in Q, and so U€Q,. Let ow satisfy (4.1) 


and pEA. Then ppEXeQ,, and pou—(wop)=(by,bu), so that pope, 
Hence pwy '&Q, and therefore Q, is an invariant subgroup of A. It is now evident 
that I, is invariant in A and YET,CQ,. This completes the proof. 


Lemma 5. Let P be an r -dimensional element of U(r>0), and 
Pea ol i eee 
two complete direct factorizations of P. Let 
Piaa(igseyely = (ays ey), 

the a, and a,’ being chosen so that each value (a,a,) and (a,a,') is either 0 or 1 (1<i<r). 
Then the cosets @,@..@,1, and ,' .'.. 0,1, are equal. 

Proor. The lemma is easily proved when D is commutative. For in this case 

PO, Say Oy sO, =e, 


where A, B are the matrices of f, with respect to the bases a,,..,a, and a,’,..,a,’ of 
V,. Since |A| and |B) differ by a factor of the form Ad, we have, 4.2 ©, 1. c= 
@,’.. @,’T,, as required. 

Suppose now that D is non-commutative. It will be convenient to use the following 
notations: when a, @(GA) satisfy «Il,— 81, we write «~$, and when two factori- 


zations P,....P. and P,'’....P,' give rise to the same coset 
ee Oy VF Oye: 8 haan Be 
we write P,..... P.~P,! eee P.’. Notice that, since [A,Q,JET,, we have car aa 


whenever «@A,wEQ,. We prove the lemma by induction on 7, considering 


separately the cases r=1, r=2 and r>2. 
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(i) (t= Ne In this casey Ve tex — Vat so that7) =a: and w,’=AO,A for some 
AGA. Thus, 

(4.2) Oy Gy —=1@, 4 Oy A 14K d). 

If ja! is not orthogonal to V,, then, by the choice of a and a,’, we have 


(a, a) Sa (a, a;') =1. 

Therefore 11 and so w,=«,’. If, on the other hand, ja, is orthogonal to V;, then 
o,€Q, and therefore w,~,’ by (4.2). 
(i)i (7 =2).., -lnsthis* case, 

a, =A, hart 

@, =04,0+4,6 
where 2, », e, o & D, and the matrices of f, with respect to the bases a,, a, and a,’, de’ 
are respectively 


(eet (4, ar toa (41', seat 


0 Ove 0 Gy" 
Hence 
(4 3) or = ho + port et A (dias) p 
; @2’"1= pa 1e+ ozo + 0 (4,4) 6} 


(4.4) O=eo,1A+o;1u+ 0 (a1, az) uv. 


If one of p, w is zero, then by (4.4) so is the other, and therefore \a,!=}a,’| (1 =1,2); 
hence: P,)P;~ P,P; by the case r=1. We suppose therefore that 64-07) 1 em 
by (4.4), , _/ 4 

—paoqrApt=aa,*+ p (a, 42) | 
—ptewtp= ort (a:,a) pS 
and on substituting these values in (4.8) we get 
oy/ = (1p 6 w) wort y| 


4.5) = ; 
i @’"*= po; 1 e(1—p 1Ap oa) 


Suppose firstly that P has a one-dimensional direct factor whose space is orthogonal 
to ja. We may suppose without loss of generality that P, is such a factor, so that 
(a,a,)=0. Then (a,a;')=(a,a,)% and (a,a,') =(a,a,)e. By the definition of 
the a; and a,’ (and since e#0), we have p=1 and A=0 or 1 when (a,a,) =1. We 
may also suppose that p=1 and A=0 or 1 when (a,a,) =0; for, by the case r=, 
@,'@,'T, is unaltered when a,',a,’ are replaced by multiples of themselves. With 
these values of A, p, the element (l—Ap~1Gu-*) (1—-!Aw-44) is symmetric and 
therefore, by (4.5), w1’@.'~ yo: 10,~ @, @, since o,€Q,,. 

Suppose secondly that P has no one-dimensional direct factor whose space is ortho- 
gonal to ja!. Then (a,a,) = (a,a,') =1(i=1,2), and so 


(4.6) A+u=eto=1. 
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Further, since (a,a,—a,) =0,P cannot~have a direct factor with space |d,—4a,!. 
Hence [a,— a, a,—a,|=0, ice., 


(4.7) Qt aes t= (43, a4). 
By (4.4), (4.6) and (4.7), —pw>!= 3p, and therefore, by (4.5), 
@,’"* = (kp — fi) wy? and w,'-!= wo, 1(1— p— p), 

whence @,’ @:’~ @; @, as required. 
(1) (r>2). We assume that the lemma holds for elements of U of dimension <r. 
Consider the subspaces A= ja,,..,a,,', B= a,',..,a,’_,|. Suppose first that the 
form [u,v] (w=A,vEB) on the pair of spaces A, B is degenerate. Then there exists 
an x(#~0)EA_ such that [x,b]=0 for all J&B. Since [a,’,b]=0 for all J&B 
we have }x{=}a,’|. Hence P,’ is a direct factor of P,....P,_, and so, by the induction 
mypotheds, Py... i ,~ P.’ R,.-RaP. for certain’ R, Again,’ by 4) double 
Speeool. of “the induction ‘hypothesis; P,’.«. /P..~ Pi 2, 83... 7 2 ele 
for certain S,, 7; But 7;....7,~R,....R iP, by the induction hypothesis, so that 
Bees, a... 2, 4.88 required. 

Suppose secondly that the form [u,v] on the pair A, B is non-degenerate. Then the 


equations 


[u,b] =[u*,b] (for all 6B) 


define a one-to-one linear mapping u—>u* of A onto B. We may define a (non-dege- 
nerate) form [u,v], on B by the equations 


[x9] = [**,.9*]: (4, 9S A). 


Then, by lemma 2, there is a J&B such that [6,b]0 and [6,6], 0. Since [w,2] 
is non-degenerate on B and 7 is not the identity, there exists a vector d=B such that 
[b,d] =Oand[d,d]|~0. Then, ifeis the vector in A such that e* =, we have [¢,e] 0, 
[e,d] = 0,[d,d]~0. 

Now let R, S' be respectively the direct factors of P with spaces je|, |d{. By the induc- 
tion hypothesis, we have, with certain R,, S,, T, 


Pitre Bens Seen 
phe ee Pome RR Re 
 GRYRT. 


Also, since P=S(S,....5S,a1P,’) 18 a direct factorization and [e,d]=0, e belongs 
fortherspace of Syed l,’; therefore, by the induction hypothesis, 
Sere PS RiP i ase T.. foreettain 7 ,. 
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Hence | 
NES Ee EAT rece a 
ae fd Ripe Peed Be 
BOR Led eee Lp 
~RR,.... RP, (induction hypothéses) 
OP nee: 


This completes the proof of the lemma. 


Dermition. The coset ©,..0,1', appearing in lemma 5 is called the spinor norm of P with 
respect to a and is denoted by N,(P); N.(I) 1s defined to be I. 


Lemma 6. (N,(P))-1= WN, (P-) (PEU). 


Proor. If P=P,....P, is a complete direct factorization of P, then P-1= 
P>-1.... Py is evidently a complete direct factorization for P~%. Let P;= (4;; @;), 
where (a,a,)=0 or 1 (1<i<r)! Then P>1= (a;—a,), and so N,(P) =,.. 0,7, 
BUG at ae == 0) oe OY, ) a= Oy Le Geol gh 

DinCe: G7 sua. Cee == 0g 04) 2 Oy Gla ale ter «0G, @),)| 95 650 ~ aly eae ®,, we have 
the lemma. 


Lemma 7. WN, (P) Na(Q) = Na (PQ) (P, QE U). 


Proor. We write W for NV,. By lemma 6 and the definition of NV, it is sufficient 
to prove the following statement: 


(4:8) if P,,....,P, are one-dimensional. elements such that P,....P.==1,” then 
(hehe (1a) 

The proof of (4.8) is by induction on 7 Write Q,=P,....P,,V,=Ve, 
dim V,=d,(l<s<r). Notice that s>d,, with equality if, and only if, the factorization 


(4.9) O = Emacs 
is direct. Similarly, since V, is also the space of 
(4.10) ON ee Peers 


we have r—s>d,, with equality if, and only if, the factorization (4.10) is direct. 
Suppose firstly that for some s (where 1 <s<r), we have 

(4.11) id dh, ee ao 

Then neither (4.9) nor (4.10) can be direct, so that So t,.7—5 1 (fas 

Toate Rk, be a complete direct factorization for Q,. Then 


Pro PRO Rot ST) 
Rizic dtpl aa eee Pe 
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and since s+é<rand r—s+t< r, we have by the induction hypothesis and lemma 6, 


IN (Poy ar NP.) = N (R,),... N(R) 
NER). . s NABINCP.).. NOP) HTS 


Hence WV(P,).....N(P,) =1,, as required. 
Suppose secondly that (4.11) does not hold for any s. Then it is easy to see that 


foe and Pr. .... P.,P,,1....P, are complete direct factorizations of 0; Oo respec 
tively. Hence WV(P,)..N(P.)=T, by lemmas 5 and 6. This completes the proof. 


5. Proof of Theorem 1. 


We shall now assume that the conditions of theorem 1 hold. The theorem being 
well known for symplectic groups, we shall assume that 7 is not the identity. 

Let e be any fixed non-zero isotropic vector in V, and write V= N,,Q=Q,, T=TP.. 
Then the Q so defined is the same as the one in the enunciation of theorem 1, and we are 
required to prove that 


(5.1) U/TSAJT. 


Consider the homomorphism 0:P—>N(P), of U into A/T’. We shall prove (5.1) by 
showing that (i) 0(U) =A/T, and (ii) 6-1(T)=T. 


Proor oF (i). Let AGA. Since fis tracevalued, there exists an isotropic vector 
e, such that (e,e,)—=1. Then, if e,=e,—e—1, we have (¢,¢,) = 1—A and 
fee, 1, so that WV ((¢,:4))=AT.~ Hence 0(U)=A/Y, as required. 


Proor oF (ii). It is easy to see that N(P)=I' for every transvection P; hence 
TC61(T). It remains to prove that if N(P)=I then PET. We first consider 
the case n = 2, where V itself is a hyperbolic plane. Let e, be as in the last paragraph, 
so that e, e, form a basis of V. We note that in the present case Q=2X—TP and that 
therefore N(P) is an element of A/z. 

If QEU, we have Qe=eux+e,8, Qe: =ey+e.8 («,8,y,5ED). We show that 

(a) those coefficients out of «, 8, 7,3 which are not zero all lie in the same coset 
of &; this coset will be denoted by M(Q); 

(b) M(Q1)M(Q2)=M(Q, Q2)(Q: QE U); 

(c) M(Q)=N(Q) when Q is a one-dimensional element; 

(dit A (0 j=, then QE T. 

It is clear that (a) - (c) prove that M=WN and that then (d) proves the required 
result (ii). We shall give only the proofs of (a) and (d), those of (b) and (c) being 
straightforward verifications. 
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PRoor oF (a). We remark that e+e, o is isotropic if, and only if, o is symmetric. 
Hence Qe =e, or (e+¢,6) A, where A40,g=c. Since (e,,—e) = (€+ 46,41) =1, 
we have either 


a Qe=6@,d 
oe Qe: =—(e+@1 o) is 
or 
5.3) Qe=(e+e,0)r 


Qe. = (e.+ (e+¢e,0) 7) 1p 


where c, + are symmetric. (a) now follows by direct inspection. 


Proor or (d). We note that 


| (@:36+2) (e—e31) Q, [m (5.2)], 


Q= | (e4e,0;—+) (e436) Qs [in (5.8)]. 
where 
Oe e ey 
Q,.a4= yh} } 
If now V(Q) ==, then A=o,....6,, where each o, is symmetric, and so 
(5.5) OF =O, 05. 
Finally, when s (#0) is symmetric, 
(5.6) OF (Ges (GS) (es) (Ce 1 a 


We now have QET, by (5.4) - (5.6). This proves (ii) when n=2. 


We suppose finally that n>2. Our proof is an adaptation of the argument used 
by Dieudonné to prove that 7 is the commutator group of U when the Witt index > 2 
({8], § 16; [4], § 18). The isotropic vector e, is chosen as before and the hyperbolic plane 
i¢,é;, 18 denoted by A. Let jf, and P, Gor P © U) denote the restrictions of j-andee 
to H. It is easy to see that the PE U such that V»CH form a subgroup U* of U, and 
that P+ P, (PG U*) is an isomorphism of U* onto the unitary group U(f,) of fy. 
When PG U*, we write N*(P) =WN.(P,); then N*(P)EA/z and it is clear that 
CGE eae N= er 1. 

We shall prove that 


(a) if H, is any hyperbolic plane in V, there exists a P=T such that PH,=H 
(UAU; (F.)); 

(6) if AGT, there exists an element Q& Tn U* such that N*(Q) =A. 
Before proving («) and (8), we show that (ii) follows from them. Suppose then that 
(«), (8) hold, and let & be an clement of U such that V(R) =T; it is required to show 
thatke=7T. Let R,.... R, be a complete direct factorization of R, and let Vin, = (a; 
(rr). Since 2, fies 3 in some hyperbolic plane, there exists, by («), an clement 
P,=T such that P,a4,;=H and therefore P,R,P7-1e U* (lev<r). Hence (RT = ‘SPs 
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where S= (P,R,P,1)..(P.R,P>) €U*,_ Since “N(R) = N(S) =T, N* (S) =22, 
where AGT. With Qas in (8), we have N* (SQ-1) = N* (S) N* FO: =? 3) andise, 
by the case n=2, ST=QT=T. Hence RET, as required. 

Proor oF (a). Let H,= a, a,}; where a, a, are isotropic and (a,a,)=1. Since 
T permutes the isotropic lines of V transitively, there is no loss of generality in supposing 
thata=e. With this assumption, a, has the form ey +e, +6, where (b,¢) = (b,¢,) =0 
and — w= (b,b); and we may also suppose that 50, since otherwise («) is proved. 
Let P be the element of U such that V, = Je, b! and f,=[u,v] has matrix 


ease) 
a 
with respect to the basis e,b. It is easily verified that Pe—e,Pa,=e,, and we shall 
complete the proof of («) by showing that P&T except when U=U;(F,). 

If 6 is isotropic, take any complete direct factorization P = P, P, of P; since je, 5} 
is totally isotropic, P, and P, are transvections and so PET, as required. 

Suppose now that (b,5)0. Firstlet DF, Under this assumption, D contains 
a symmetric element s distinct from 0 and —1. Write c=erApA+e,+5A, where 


A=(1—p'p)15; then (c,c) =0, (ec) =1, so that }e,c! is a hyperbolic plane. 
Let R be the element of U such that V;= Je,c} and fe=<u,v> has matrix 


& ae) 
5 0) 
with respect to the basis ¢,c. Then (¢,¢) =<e,—es-1> and (c,e) =<¢,—es ‘>, 
so that Re=e(1+s5—1). By the case n=2,RET. Further, (¢,b) =<¢,—ep> 
and (c,b) =<c,—epu>, so that RA=bdb+eu. 

Now the matrix of f, with respect to the basis 6 + ep, 6 is 


pice) 

0 —F# 

so that P= (o-Pepy uu) (o;— pe) 

| = (b+eas—E (bs EY) 
sR os ts) 


since RET, it follows that also PET, as required. 
Finally, let D=Fi,n>4. As v>2, we can find isotropic vectors d, d, orthogonal 
to both e,e, and such that (d,d,) =1,d—dp=6. Then (d;—1) (e+4;1)b=b+en, 


and so, by the argument of the last paragraph, PE T. This completes the proof of («). 


22 Go WV Ae 


Proor or (8). By the multiplicative property of N*, it is sufficient to prove (8) 
when 2 has the form yo uw! e~1, where p& A and y— p= (a,a) for some non-isotropic 
vector a orthogonal to both ¢ and ¢,. 

For any «GA, set bx =ea-1+¢,au, and let wa,v« be the vectors such that 
a=uatvap and be=ua+tvap. It is easily verified that ja,ba{=jua,va{ is a 
hyperbolic plane and that ua«,va are isotropic vectors such that (ua,v«) =1. 

Rev now Ra (bes 2) (a; ow) and O= Rp RS (been) ae ee 
in the expression for Rava as a linear combination of u« and va, the coefficient of v 
is —1, so that, by the casen = 2, Rr@T. Hence Q@&TnU*. Finally, in the expression 
for (be; u-1)e as a linear combination of ¢,¢,, the coefficient of ¢, is pup, so that 
N*(Q)=evewtt=pyup itp ik. This completes the proof of (8) and theorem 1. 
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